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ON NONLOCAL NONLINEAR ELLIPTIC PROBLEM WITH 
THE FRACTIONAL LAPLACIAN 

LI MA 


Abstract. In this paper, we study a nonlocal elliptic problem with the 
fractional Laplacian on R". We show that the problem has infinite pos¬ 
itive solutions in C^(R") H Moreover each of these solutions 

tends to some positive constant limit at infinity. 
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1. Introduction 


We prove the following result. 


Theorem I. Assume 0 < a < n and p > \. Let co 
monotone non-increasing function such that 

coir) 


R. 


R+ be the 


( 1 ) 


Ji 


-dr = A < oo£ 


Then there is a positive constant 6 such that for smooth functions kix) and 
K(x) with |.^r(v)| < 6ioi\x\){\ + and 0 < kix) < 6coi\x\)i\ on R" 

for some r > a, the problem 

(2) i-Afl^u + kix)u = Kix)uP, in i?” 


has infinite positive solutions in C^iR") H Hf^fiR'^). Moreover, each of these 
solutions tends to some positive constant limit at infinity. 


We prove the above result by using the Perron method and similar argu¬ 
ment as in Lin’s work [|3l. The Perron method is based on the maximum 
principle developed in [|T||. Similar argument had been earried out in 01 for 
nonlinear subelliptie equations on R”. 

We denote by C the uniform eonstants, whieh may vary in different in¬ 
equalities or formulae. 

Denote by BfO) the unit ball in R'\ 

We present the potential analysis as in [|2l in seetion and we prove the 
main result in seetion |3l 
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LIMA 


2. Preliminary 


Let <JL) : R" ^ Rhe 2i radially symmetric monotone non-increasing func¬ 
tion. Let / : i?” —> 7? be a locally Holder continuous function with the decay 
growth as below: 

(3) \f(x)\ < Ca){\x\)\x\"' 

where C > 0 and t > 2a are uniform constants. 


Lemma 2. Define 


w{x) = c, 




f{y) 


yY 


-dy. 


where c„ = [n(n - 2)|5i(0)|] ^ Then w(x) is well-defined and near oo we 
have 

( C|A|"~”m(|Y|) ifr > n 

(4) |w(ji;)| < ] Cm(|Y|) log |y| ifT = n 

[ C(ji>{\x\)\x\°'~'^ if a < T 

where c„ = \/n{n - 2)|5i(0)|. 

Proof. Clearly we have 

m(|Y|) 


|w(a)| 


<c f -— 

Jr" U - yl”‘ 


-dy. 


^(1 + |yr 

We now divide the the whole space i?” into three parts: 

D, = {yeR'‘-,\y-x\<\x\/2}, 

D 2 = {yeR'’;\x\/2<\y-x\<2\x\}, 

and 

D3 = {ye7?My-Y|>2W}. 

Set, for j = 1,2,3, 

co(\x\) 


‘'-I 

Jd, 


\x-y\'‘-»(\ -V |y| 


-dy. 


Then 


|w(v)|<C(/i +/2 + /3). 

One can show as in ^ that w{x) has the upper bounds as in dH). 
We now assume that <x>{x) satisfies ©• 


□ 


Lemma 3. Assume f > 0 on R'' and f(x) > C(ji>{\x\)\x\~'^ for some r > a 
and C > 0. The Riesz potential w(x) defined in Lemma 1 has the following 
lower bounds at oo: 

( C|jc|““”a»(|A|) ifr > n 

(5) w{x) > \ C<jj(]x\) log \x\ ifr = n 

[ Cm(|v|)|v|““'^ if a < rn 
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Proof. As in the proof above, we have 
w{x) = ( 


D2 D 


^ Cnfiy) J ^ 


r Cnfiy) 

Jd2 I-^ - y\" 


■dy := J. 


One ean show as in [|3 that J has the lower bounds as in ([5]). 


□ 


3. Proof of Theorem [T] 


The argument presented below is similar to Lin’s work We just do it 
briefly. 

Take some constants > 0 and 0 < a < 1. We first define the function 
Uaix) on R" by solving the nonlocal equation 


= - 


Coj(x) 

(1 + wr’ 


on R" 


for C e (0, 9i) with 0 < Uaix) < a and Uaix) —> a at infinity. We can verify 
that Ua is the lower solution to @. 

Then we define the function U^^ix) on i?” by solving the nonlocal equation 

, on R^ 

(1 + wr 

for the same C > 0 with a < Wix) < I and Wix) a at infinity. We can 
verify that t/" is the upper solution to ©. 

Then we can use the Perron method lUJ lO to get the desired solution uix) 
to Q such that Uaix) < uix) < U°ix) on i?”. 

This then completes the proof of Theorem [T] 
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